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1. INTRODUCTION 
This paper is concerned with a new solution of the initial-value problem 
44 0) =f(x), aujaqx, 0) = g(x) 
for the damped wave equation 
L’(u) = g - 2$;1 g - c-u = 0, 
2 
where m > 1, c a real parameter, and x = (x1 , x2 ,..., xsm-r), in space of any 
odd number of spatial dimensions. The solution is obtained by a method 
used by Copson in solving a Cauchy problem for the Euler-Poisson-Darboux 
equation [Z]. For the present problem, this method which depends on 
properties of the wave operator developed in [I] consists in finding a function 
e, for which L’(u) is a constant and such that v  is regular and vanishes on 
the characteristic cone. The restriction to odd spatial dimensions is inherent 
in the method. But, as pointed out by Copson, this involves no loss of 
generality since the solution in space of an even number of spatial dimensions 
can be deduced by Hadamard’s method of descent. 
For brevity we shall denote a point in the 2m-dimensional space with 
coordinates (x1, x2 ,..., ~s,,-~, t) by (x, t), and a function of this point by 
U(X, t). Let (t, T) be the coordinates of a fixed point and let (x, t) be the 
coordinates of a variable point. The equation 
2m-1 
r s (T - ty - c (.fi - Xi)2 = 0 
i=l 
defines the characteristic cone with vertex at (6, T) associated with the 
operator (2). The retrogade cone is represented by r = 0, 7 - t > 0. 
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D shall denote the domain bounded by a part C of the retrogade cone and by 
a part S of the hyperplane t = 0. Note that 5’ represents a hypersphere of 
radius I, 0 < r < 7, with center (0 in space of 2m - 1 dimensions. 
We shall use here some of the results obtained in [I] concerning the 
Cauchy problem for the wave equation. Although these results were derived 
for initial data prescribed on the hyperplane t = t, > 0, it is evident that 
the treatment remains valid and the results hold for the case when t, = 0. 
For the purpose of reference we restate the fundamental lemma of [I] for 
the domain of integration D. 
LEMMA: Let L be the wave operator in the variables (T, 5) associated with (2) 
and let 
u(f, T) = j- u(x, t) dx dt, dx = dx,dx, ..a dxZm--l. 
D 
If U(X, t) and its partial derivatives up to those of order m - 
then 
L”[ U(f, T)] = 22m-17P-1(m - l)! ~(5, T). 
2. DRTRRMINATION OF THE SOLUTION 
Consider the integral 
I = 
I 
[d’(v) - d’(u)] dx dt. 
D 
1 are continuous, 
(3) 
We seek a function v for which L’(v) is a constant, namely 1, and such that 
v is regular and vanishes on the characteristic cone. Following Copson we 
choose V(X, t) = K(r/4). Then 
a2v 2m--1 azv 
L'(v) = @ - *Fl ax,2 - cv 
= OK” + mK’ - cK, (4) 
where primes indicate differentiation with respect to 0 = $P. A regular 
function v for which L’(v) = 1 and possessing the desired property on the 
characteristic cone is easily determined to be 
v  = K(l-74) = qfl [qq-mIm-l[(Cr)l~~] - l/c 
= l/@(B) - 1) (5) 
where I, denotes the modified Bessel function of order s and 
lile) = r(*) kz,, r(k + y& + m) ’ 
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It should be noted that K(B) also satisfies the same equation in the pole 
variables (I, T). Substitution of this function for e, in (3) yields our solution. 
We state this result as a theorem. 
THEOREM 1. Letf(x) u&g(x) h ave continuous dmivatives up to mth order. 
The solution of the initial-value problem 
for the equation 
4590) = f(S), g ((9 0) = g(f) 
L*(u) = g _ 2yaeu _ 
i=l a5i2 
cu = 0 
is given by the formula 
U(5,T) = 22m-l,m-l(m - l)! Lm I- j-,fCx, ; (~9 0) dx + j, dxMx> Wx 1. 
(6) 
It should be noted that the operator L which appears in (6) is the wave 
operator, not the operator L’. 
To prove (6), we note that since L’(u) = 0 and L’(v) = 1 it follows from (3) 
that 
I, [d’(v) - d’(u)] dx dt = s, u(x, t) dx dt = U(f, T). 
Applying Green’s theorem on the left-hand side of (7), we then have 
U@, T) = s,,, ]a,, (u ; - v g) - ‘El q (u g - v $-)I dS, (8) 
i=l I t 
where C + S denotes the boundary of D, (01~ , (pi ,..., %,,,-i) are the direction 
cosines of the outward normal to C + S, and dS is the surface element. 
Now on S, the integral in (8) becomes 
j, &4v(x, 0) dx - j-,fC4 2 (x, 0) dx (9) 
because t = 0 and ~~-~i (ti - xi)” = r2 < 72 there, and because CQ = 0 
for i > 1 in the hyperplane. On C, r = 0 and since K(0) = 0, the integral 
in (8) reduces to 
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But on C, 01~ = l/d2, cq = -(& - Xi>/(dZ(T - t)), 
av 
at' ) 
so that 
Hence (10) vanishes. Thus we obtain 
By the lemma, (6) follows. 
3. SIMPLIFICATION OF THE SOLUTION 
Sincef(x) is independent of t and K(B) vanishes when r = r, we can write 
Then (6) can be written as 
Therefore, to simplify this, we need only consider the case when the data 
are u = 0 and au/aT = g(e) when 7 = 0. Put v,, = v(x, 0) and let K,, denote 
the expression to which K(B) reduces when t = 0. Let 
G(t, 7) = j-$+o dx 
= 
I s 
T dr 
0 
R g( f  + ,)vor2m-2 dw, 
where Sz is a hypersphere of radius T and dw is the surface element on a 
unit hypersphere. Then 
g = +-2 K(o) I 
R 
g(( + OLT) dw + ,, dr 1, g([ + ar) 2 r2m-2 dw 
= 
J 
s g(x) 2 dx, 
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where we have noted that K(0) = 0. Further, since av,/ar = $(Q-K,‘) we have 
a2G 1 -= 
0 - T2m-1K’(o) j-/(t + a~) dw + /; r2-2 dr J‘, g(E + ay) ?.?$ due a9 2 
AG = s T y2m-4 dy s Agv,dw = 0 D s Ag v. dx s 
= 
I 
s (Ag v, - gAvo) dx + j,gAvo dx 
= 
J-C 
% 
B 
voan -g$f)dS + ~/AvodJx, 
where C denotes the surface of S whose radius is Y  = 7, and A is the Laplace 
operator in the variables (& , f2 ,..., &,&. Now on C , K,(O) = 0 and 
with 
(31i = (Ei - Xi) and aer,- (Ei - Xi) K I 
7 afj - - 2 O * 
Hence 
AG = K,,‘(O) 7 1 
R 
g(t + 4 do, + s,gdvo dx. 
Therefore 
L(G) - cG = 
= 
a2G/aT2 - AG - cG 
s ( 
a% 
s L?(x) $ 
- Av, - cvo 
) 
dx 
s s g(x) dx = go& 4, (12) 
= 
where we have denoted the last integral by go . By repeated application of 
this formula, we can calculate Lm(G) for any value of m. In fact, by induction 
we find that 
m-1 
or 
L”(G) = c”‘G + C c""-W(g,) 
TL=O 
m-1 
L”(G) = c-lG* + c c--n--lLn(go), 
?Z=l 
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where G* = s,g(x) R, dx, R, being the expression to which R(0) reduces 
when t = 0, [see (5) for R(e)]. 
It is shown in ([I], p. 564) w ic h h we consider here for to = 0 that 
n-1 (a + s - i)! a+sg,+, 
L”(go) = (:!y-!‘,!,! z. qn - s - l)! a7”-s ’ (13) 
n > 1, where 
gk(t, T) = JS $$ dx with r2 = ‘Fil (ti - xJz. 
In particular, w = L”+l(g,) satisfies the wave equation L(V) = 0 and meets 
the conditions 
Also 
U(f, 0) = 0, aqaT(f, 0) = 22~-wqt2 - i)!g(t). 
ag7L+s _- - ~2m--n--s-~ 
aT s 
Ja g([ + WT) dw, 
so that 
as 7 + 0. (14) 
Using these results we now prove 
THEOREM 2. The solution of the equation L*(u) = 0 which satisfies the 
conditions ~(4, 0) = 0, &j&(5, 0) =g(f) is 
u(E, T) = 22m-14~ - I) !  [c"G + Ye: cm-“-lLn(g,)] , (15) 
where L”(g,) is given by (13). 
First we show that (15) satisfies the initial conditions. Consider the term 
in (15) corresponding to n = m - 1, namely, 
L”-Ygo) 
v = 227?--lrrm-l(m _ I) !  * 
This satisfies the conditions u = 0, au/& = g(G) when 7 = 0 as we have 
noted above. Therefore we need only to show that all the remaining terms 
in (15) vanish together with their first t-derivative when 7 = 0. This is 
clearly true of G and go in view of their definition. For the other terms 
corresponding to n = 1, 2,..., m - 2, we observe from (13) and (14) that 
Ln(k’o) = ocT 2m-2n-1) for small 7 so that they vanish when 7 = 0. 
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Finally, we note that 
L*(u) = L(u) - cu = 
pm-l+:(~ - I)! 
x [cmL(G) - 
778-l m-1 
cm+lG + 1 cm--n-lLn+l(go) - 2 
?I=0 TZ=O 
cn"-(~0)] 
Wgo) 
= 22m-l,m-l(m - I)! ' 
after making substitution for L(G) and shifting summation indices. Since 
L”-l(g,) is a solution of the wave equation, it follows that L*(u) = 0. 
4. SOME EXAMPLES 
When m = 1, the solution of a2u/a r2 - a2ujap - cu = 0 which satisfies 
the conditions u(S, 0) =f(.$), &/a@, 0) = g(f) is 
4E, 4 = ; [j~;gwoKwP dx +g j~~:f(s)r,wY21 d”] 
= ; [f(t + 7) + f(t - T> + C1’2T j:L: ;;‘~;;~‘;;2;2 
Here r = T2 - (8 - x)“. This is the same form of solution one obtains by 
the Riemann method ([2], p. 132). 
When m = 2, (2’) reduces to 
ak agu a221 a34 -------- 
aT2 ap a+ ap cu = 0. 
The solution of this equation which satisfies the conditions ~(5, 7, 5, r) = 
f(f, 7, t;), aU/aT = g(f, T,{) when 7 = 0 turns out to be 
U(t, 7), 1;s T) = & lc j g(x, y, z)@r) dx dy dz 
R 
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Here M(h, r) denotes the mean value of the function h over a hypersphere 
of radius r, and 
This agrees with the solution given in ([3], p. 244). When c = 0, this is 
merely Poisson’s solution of the wave equation. 
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